This paper presents a new quick-response sliding mode tracking differentiator (new TD) for feedback control of mechatronic systems. The new TD is an extension of Jin et al.'s sliding mode tracking differentiator (TD-J) by employing an exponential reaching term for balancing the trade-off between noise attenuating efficiency and convergence speed. The discrete-time algorithm of the new TD is derived by using the implicit-Euler discretization and an equivalent between a set-valued signum function and a saturation function, and it does not produce chattering, which has been one major challenge of implementing sliding mode technique in discrete-time. Simulations and experiments are conducted for validating the effectiveness of the new TD.
I. INTRODUCTION
In most practical feedback control systems, signals that cannot be directly measured are required. For example, in proportional-derivative (PD) position control of mechatronic systems that only equip with an optical encoder, velocity information cannot be directly assessed, while it is necessary for damping injection. In practice, the finite difference of position signal is widely used for obtaining velocity signal. However, the numerical differentiation induces highfrequency noise, which may lead to high-frequency vibration and even instability of the system.
Linear filters are often used to smooth position signal before applying the finite difference method. However, in linear filters, a large phase lag is produced by strong noise attenuation, and thus the controlled system may become unstable.
Nonlinear techniques have been studied for avoiding the drawbacks of linear filters. Specifically, in recent years, The associate editor coordinating the review of this manuscript and approving it for publication was Zheng Chen. there has been a growing interest in super-twisting algorithm [1] - [3] based sliding mode observers [4] - [6] owing to their robustness, high tracking accuracy, and finitetime convergence in continuous-time analysis. However, these advantages may be compromised in discrete-time implementation, typically discretized with the explicit-Euler discretization [7] - [9] . Moreover, they tend to overshoot due to their inherent converging dynamics. Furthermore, their performance depends on the accuracy of the system dynamics model, which cannot be obtained exactly in practice.
For providing reliable signals without knowing the model of signal sources, model-free nonlinear tracking differentiators have been studied [1] , [10] - [14] . Among them, Han and Wang [14] presented a sliding mode tracking differentiator (TD-H) that possesses a parabolic-shaped sliding surface. One major advantage of TD-H is that it realizes the minimum time convergence in the case of constant input. Because of its simplicity, robustness to noise, and fast convergence, TD-H has been extensively researched [15] - [19] and applied FIGURE 1. The graphs of sgn(·), csgn(·), gsgn(·) and gsat(·).
to many system controls [20] - [25] . However, TD-H has an inherent drawback that it is prone to overshoot, because its system state is only attracted to the sliding surface only from one side.
Toward this problem, Jin et al. [26] proposed a sliding mode tracking differentiator (TD-J), which is an extension of TD-H. It is reported [26] , [27] that TD-J is less prone to overshoot than TD-H, because its system state is attracted to the sliding surface from both sides. In addition, TD-J produces smaller phase lag and removes noise more effectively than TD-H does. However, the trade-off of TD-J between the noise-reduction and the quick-response is still a challenge in the case of strong noise contamination.
On the other hand, although the sliding mode technique provides robustness to noise and uncertainty, there is a major problem in implementing the technique in discrete-time. That is chattering of system output due to the numerical error caused by inappropriate discretization of the discontinuous signum function [28] , [29] . In order to attenuate chattering, some methods such as boundary layer [30] , [31] , continuous function [10] , [11] , adaptive switching gain [32] , and high order sliding mode [5] , [12] are applied. However, these methods reduce or avoid chattering by loosing the inherent characteristics of sliding mode technique in a strict mathematical sense. Recently, some reports [33] - [35] indicate that the implicit-Euler method based discretization is potentially useful to realize chattering-free sliding mode without loosing their inherent characteristics. Up to now, however, there has not a systematic theory to discretize sliding mode systems by using the implicit-Euler method, and the discretization should be conducted through a careful and detailed analysis of the continuous-time system.
To address the abovementioned issues, this paper proposes a new sliding mode tracking differentiator (new TD), which is an improvement of TD-J. The new TD employs an exponential reaching term that is served to speed up the convergence, while the noise-reducing performance is maintained to a similar level of that of TD-J. In addition, a chattering-free discrete-time algorithm of the new TD is derived by using the implicit-Euler method through a tedious but straightforward process. The advantages of the new TD are validated through simulations and experiments.
The rest of this paper is organized as follows: Section II provides mathematical preliminaries that are used in the paper. Section III reviews the previous researches and clarifies their problems. Section IV proposes a new TD, derives its chattering-free discrete-time algorithm, and proves its Lyapunov stability. Section V and Section VI evaluate the performance of the new TD through simulations and experiments, respectively. Finally, Section VI concludes the paper.
II. MATHEMATICAL PRELIMINARIES
In this paper, the following functions are used:
and
where x ∈ R, a ∈ R, b ∈ R and a < b. FIGURE 1 shows the graphs of the functions. Here, it should be mentioned that, in the case of x = 0, the set-valued signum functions sgn(·) and gsgn(·) return a set, while the conventional signum function csgn(·) returns a single value. In addition, the following equivalent is applied for deriving a chattering-free discrete-time algorithm of the new TD:
The proof of the equivalent (5) is provided in the appendix.
III. OVERVIEW OF PREVIOUS RESEARCHES
Han and Wang [14] proposed the following sliding mode tracking differentiator (TD-H): where
Here, u ∈ R is the input, x 1 is the estimation of u, x 2 is the estimation ofu, and F > 0 is a constant. The sliding surface and the state (x 1 , x 2 ) trajectories of TD-H are shown in FIGURE 2. It should be noticed that TD-H employs a parabolic-shaped sliding surface that realizes the minimum time convergence whenu = 0. However, because the state moves parallel to the sliding surface and cannot reach the sliding surface in the regions σ x 2 > 0, TD-H is prone to overshoot (see [26] for details).
To overcome the abovementioned drawback, in Jin et al. proposed a modified version of TD-H (TD-J), of which continuous-time expression is given as follows:
where:
and α > 1 is a constant. FIGURE 3 shows the sliding surface and the state trajectories of TD-J. One can observe that, owing toẋ 2 = αF in the regions σ x 2 > 0, the state can be attracted to the sliding surface from both sides. Thus, TD-J is less prone to overshoot compared with TD-H. In addition, Jin et al. derived the following chattering-free discrete-time algorithm of TD-J by using the implicit-Euler discretization:
where i is the discrete-time index, T is the sampling interval. It should be mentioned that, in the case of α = 1, Algorithm 1 reduces to a chattering-free discrete-time algorithm of TD-H. However, in TD-J, a large α reduces filtering efficiency, although it increases the convergence speed and helps avoid the overshoot. The details of this problem are described in Section V and Section VI.
IV. A RAPID-CONVERGENT SLIDING MODE TRACKING DIFFERENTIATOR A. CONTINUOUS-TIME EXPRESSION
This paper proposes a new rapid-convergent sliding mode tracking differentiator (new TD), of which continuous-time expression is as follows:
and k > 0 is a constant. It should be noticed that the new TD is reduced to TD-J by setting k = 0. The sliding surface and the state trajectories of the new TD are shown in FIGURE 4 . It is shown that, in the regions σ = 0, the shapes of the state trajectory are sharper than those of TD-J. FIGURE 5 shows the step responses of the new TD and TD-J. It is shown that, in the case of the same parameter F = 100, the convergence of the new TD is faster than that of TD-J. This is because that, owing to the use of kσ , the state of the new TD moves toward to the sliding surface with larger accelerationẋ 2 than that of TD-J does when the state is far away from the parabolic sliding surface. After the state of the new TD reached the sliding surface, because of σ = 0, its state moves toward to the desired state with a constant accelerationẋ 2 = −100, which is the same as the behavior of TD-J.
The figure also illustrates that the convergence time of TD-J can be close to that of the new TD by increasing F from F = 100 to F = 200. However, the increased F leads to the increased accelerationẋ 2 near the desired state, making TD-J become more sensitive to noise. Further discussion on this point will be presented in the following simulation and experiment sections.
B. DISCRETE-TIME ALGORITHM
This subsection derives a chattering-free discrete-time algorithm of the new TD based on the implicit-Euler discretization.
By using the implicit-Euler discretization, (10) and (11) are approximated as follows:
and σ (i) = 2F(x 1 (i) − u(i)) + |x 2 (i)|(x 2 (i)).
One can observe that there are unknown variables x 1 (i) and x 2 (i) in the set-valued function gsgn, which presents a major challenge in solving (12b) with respect to x 2 (i). This problem can be solved by applying the equivalent (5) through the following tedious but straightforward derivation. First, (12a) can be rewritten as follows:
Then, by substituting (14) into (13), unknown x 1 (i) can be removed as follows:
It should be mentioned that, because of F > 0 and T > 0, (15) is a monotonically increasing function of x 2 (i). After that, by using (15), (12b) can be rewritten as follows:
where A, B, and C are known variables defined as follows:
Because σ (i) is monotonically increasing function of x 2 (i), (16) can be further simplified as follows:
Here,
which is the value of x 2 (i) that satisfies σ (i) = 0, as shown in FIGURE 6. By defining a monotonically increasing function f x 2 (i) = A|x 2 (i)|x 2 (i) + Bx 2 (i) of x 2 (i), one can obtain the followings from (20):
x * 2 (i) − x 2 (i), gsgn(FT , −x 2 (i), αFT )). (22) Then, by applying the equivalent (5), unknown x 2 (i) in the set-valued function gsgn can be moved out as follows:
). (23) Finally, x 2 (i) can be solved from (23) as follows: where
As a whole, the complete implementation processes of the new TD in discrete time is as follows:
C. STABILITY ANALYSIS
This part proves that, for a constant input, the state of the new TD reaches the sliding surface and converges along the sliding surface to the desired state in finite time.
From (11) , by assumingu = 0, one can obtainσ as follows:
where λ := (α − 1)/2 > 0 and K := 2F λ + 1 + (λ − 1)sgn(σ x 2 ) > 0. Then, by defining a Lyapunov candidate function as V = σ 2 , one can obtain the followings: which indicates that the sliding mode σ = 0 is achieved in finite time. After the sliding mode is achieved, the convergence of the new TD is the same as that of TD-J, and the proof can be found in Appendix 2 of Ref. [36] .
V. SIMULATION
In this section, the performance of the new TD is evaluated through numerical examples. FIGURE 7 shows the step response of the new TD under the noiseless input u = 1 with different sampling intervals. One can observe that the state exactly reaches the sliding surface and the desired state without overshoot and chattering in both cases.
The performance of the new TD is also evaluated under the following noisy input :
where δ ∼ N (0, 1) is the unit white Gaussian noise with unit variance. FIGURE 8 shows the response of the new TD, and FIG-URE 9 provides the following defined average magnitude of tracking error (AMTE) and average magnitude of differential error (AMDE): where u s is the noiseless signal component of the input u, and ω s is the following defined variable:
In addition, FIGURE 9 also indicates the arriving time (AT), which is defined as the time spent for reaching u s . For comparison, the performances of TD-J with two sets of parameters are included in the figures. It is shown that, in the case of similar AMTE and AMDE, AT of the new TD is shorter than that of TD-J. It is clear that AT of TD-J can be made shorter by increasing F, but it sacrifices the noise attenuating performance, i.e., increased AMTE and AMDE, as also shown in FIGURE 9. 
VI. EXPERIMENT
This section experimentally validates the performance of the new TD in a position control by comparing the performances of without TD and with TD-J. FIGURE 10 shows the experimental setup, which consisted of a DC motor, an optical encoder, a motor controller, a motor driver, a DC power supply, and a realtime monitor.
For the case of without TD, the following proportionalderivative (PD) controller was applied: and for the case with TDs, the following PD controller was used:
where, d(i) is the control duty ratio, θ d (i) is the desired trajectory, θ(i) is the current position measured by the encoder, ω d (i) and ω(i) are finite differences of θ d (i) and θ(i), respectively. In addition, in both of the new TD and TD-J, θ(i) is provided as the input, and x 1 (i) and x 2 (i) are outputs. Moreover, K p > 0 is the proportional gain and K d > 0 is the derivative gain. FIGURE 11 illustrates the block diagrams of the PD-controlled systems. Furthermore, for all cases, the following signal was provided as the desired trajectory:
and the sampling period T = 0.001 s was used.
Besides that, for quantitative evaluation, the measure of the average magnitude of position error (AMPE) and the measure of the average magnitude of duty ratio change rate (AMD) are defined as follows:
Here, AMPE can be considered as the quantized control precision, while AMD can be considered as a quantized highfrequency vibration intensity. It is clear that, for a control system, both AMPE and AMD should be small. FIGURE 12 and FIGURE 13 provide the control results. It is clearly shown that in the case of without TD, the system produced high-frequency vibration, resulted in highest AMPE and AMD. Such vibration was effectively reduced by the use of the new TD, i.e., AMPE reduced from 0.73 to 0.3, and AMD reduced from 10.9 to 1.53.
The use of TD-J can also reduce the abovementioned highfrequency vibration. For example, in the case of F = 20000, AMPE and AMD were reduced to 0.63 and 4.79, respectively. The values of these two measures can be further reduced by TD-J with smaller F, e.g., F = 10000 and F = 7500. However, a smaller F increased overshoot when input signal suddenly changed. Moreover, a too-small F, i.e., F = 7000, resulted in unstable low-frequency fluctuation, probably due to the increased phase lag of TD-J. As a whole, TD-J cannot reduce overshoot, AMPE and AMD to the levels of those of the new TD by adjusting its parameters.
VII. CONCLUSION
This paper has presented a new sliding mode tracking differentiator (new TD) for feedback control of mechatronic systems. The new TD is an improvement of TD-J by employing an exponential reaching term for balancing the tradeoff between noise attenuating efficiency and convergence speed. The discrete-time algorithm of the new TD is derived by using the implicit-Euler discretization, and it does not produce chattering. In addition, the stability of the new TD is confirmed by the Lyapunov method. The effectiveness of the new TD has been validated through numerical examples and PD position control of a mechatronic system. 
